CSC 347 - Concepts of Programming Languages

Formal Semantics

Instructor: Stefan Mitsch



@ Learning Objectives

© How to unambiguously define the semantics of a programming language?
e |dentify the difference between syntactic and semantic expressions in operational
semantics
e |dentify judgments and reduction rules

o Apply reduction rules to execute a program



e A Small Programming Language

Language Constructs Example Program: Factorial
e Integer expressions 1n := -5:
2 1f n>=0
e Statements 3 then i := n
o Assignment 4 else i 1= 0-n
. 5 fi;
o Statement lists 6 f 1= 1;
- 7 while i do
o Conditional 8 f i= f % i
9 1 = 1-1
> Loop 10 od



e Operational Semantics

o Operational semantics defines meaning of programs relative to an abstract machine

e Reduction machine: operates on a program and reduces it to its semantic "value"
o Uses a store £ (e.g., a map from variables to values)
o State of the machine is a program or value and the store (prg, &) or (v, £)

o Judgments: (prg, £) | (v, &)
Executing program prg in state £ yields ({}) value v and new state &’

premiseq,. . .,premise,,
conclusion

Conclusion follows from all premisses satisfied

o Reduction rules:



e Language of Integer Expressions

Syntax Semantics

1 Expr ::= Number e Semantic domain: integer arithmetic

2 | Expr '+' Expr

3 | Expr ‘=" Expr e Value v is the meaning of an expression

4 | Expr 'x' Expr

° J R B o For example, (2 + 3) * 4 means 20
Example e Numbers evaluate to their value

1 2+3%4 (0.8 {n,g) N

2 (2+3) x 4

e Operations map to integer operations

(o160l 1,61) (eabi)lvns) (e&bwe)
(errendo) Hortonde) 970 T(e) vy




@ Reduction Example: Arithmetic Expression

Rules e Reduce 2 + 3 to its semantic value
* mOHn,g N e ¢ Deduction tree
o <e1,§0>li<v1,§1> <92,€1>U<’02,€2> (Num) (Num)
(e1tes,&o) | {v1+v2,€2) A <27€> U <27§> <37€> U <37€> (Add)
2 + 3, D,
(e, (v,61) < €> U < €>

* (&), vey) T



@ Reduction Exercises: Arithmetic Expression

Rules o Define the rule for multiplication

e Reduce (2 + 3) * 4 to its semantic value

@O Hn,g)

see previous slide: (2 +3,¢) | (5,¢)
((2+3),9) 4 (5,9

® <917£O>U<’U1,£1> <62,€1>U,<1)2,€2> (292201 @00
(e1+e2,80) I {v1+v2,82) (Add)

(Par) (Num)
) (

° <e7€>U’<U7£1> p
<(e) 7€>U<’U7€1> (Par)




e Assighments and Sequential Composition

Syntax Semantics
LB s tunber © How do we store/look up values of variables?
xpr '+' Expr
3 | Expr '-' Expr
: I Expr "x* Expr e Look up variable value in store
6 | I?rg;,]Seq o (Var)
; Ident ::=| 'é' TX?E' )| cee | 12! <X,€>H<5(X),€> "
9 PrgSeq ::= Prg | Prg ';' PrgSeq . .
10 Prg  ::= Ident ':=' Expr o Assignment: evaluate expression, then update state
<e7€O>U<’U’§1>
Example = e o) o o)) )
13 := 243: e Sequence: evaluate subexpressions, chain results
2 b = (ai=a+l)x4; (e1,60)I(v1,81)  (e2,61)I(v2,82)
3 a:=Db->5 (e13€2,£0)(v2,£2) 2



Syntax
1 Expr
2
3
4
5
6
7
8
9 Ident :
10 PrgSeq ::
11 Prg
12
13
14
15
16
17

Conditionals and Loops

Number
Expr '+' Expr
Expr '=-' Expr
Expr 'x' Expr
Ident
Expr '>=' Expr
PrgSeq
|(| EXpr‘ |)|
‘a' | 'b" | ... | 2!
Prg | Prg ';"' PrgSeq
Ident ':=' Expr
"if' Expr
"then' Expr

'else' Expr 'fi'
'while' Expr 'do'
Expr
Iodl

Semantics

e Conditional

(e1,60)H{v1,€1)  vi#0  (e2,£1){v2,82)
(if e then ey else e3 £1,£0){(v2,£2)

(e1,60) I (v1,€1)  v1=0 (e3,£1){v2,€2)

(if e; then ey else e3 £1,£0){(v2,£2) (iffalse)

o True: (iftrue)

o False:

e Loop

. (en8o)(vi,é1)  v1=0 |
@) End <While e; do e, 0d,£0>ll<o,£1> (whileend)

o Recurse:

(e1,£0)U(v1,€1) 0170 (ey;while e; do ey 0d,{1)l}(v2,£2)
(while e; do eg 0d,&o) |} (vg,E2)

(whilerec)



o Summary

o Operational semantics: defines language in terms of operations of an abstract
machine

o Alternative semantics definitions: denotational semantics, axiomatic semantics

o Judgments and reduction rules: describe steps of the abstract machine, expressed
as conclusions from premises

e Deduction tree: makes conclusions about program from the meaning of the
program's components

10



@ Program Reduction Example: Absolute Value

11 = -2; e Integer arithmetic e Assignment
2 if i>=@- . 5 o <97§0>@<U7§1>
i else i i o-i .8 Hng) N (x=e,Eo) L0, {xs0})
> 0 <el,£<06>1l£'<:2175()1>>U2:12,—£’111>2uf<21;27£2> e Sequential composition
’ 7 . (e1,60) I (v1,81) (e2,61)(v2,82)
(e1;e2,60){v2,82) ¥
e Comparison e Conditional
(e1,€0) I (v1,€1)  (e2,&1)d(va,€2) o (e1,£0) I {v1,€1)  v1#0  (e2,61)(v2,€2) "
(e1>=e9,&0) | (max(0,v;—v2+1),£) =) (if e; then e else e3 £i,&)) |l (vg,€2) (iftruc)

. (e1,€0) I (v1,€1) vi=0  (e3,&1)(v2,€2)

(if e; then ey else e3 £i,£(){(v2,£2)

(iffalse)

11



@ Program Reduction Example: Absolute Value

(Num) o B o
(—2,{H I (—=2,{}) Lemma i >= 0 0=0 Lemmai:=0—1i

- 2 )y Lemmai>0  0-0 Lemmaiz0—i g,
(1:=—-2) || (—=2,{i+— —2}) (if i>=0theni:=ielsei:=0—1ifi) | (2,{i— 2}) )

(i:=—2; if i >=0theni:=ielsei:=0—1ifi, {})| (2,{i+— 2})

e Lemmai >=0,where{ = {i+— —2} e lemmai:=0—1i¢={i— —2}

Num Var
Eoze " e PEI0E TEIRE g,
rom Y ) (1=0—1,6 0 (2,6{1— 2})

12



@ Program Reduction Example: Factorial

1n := -5; e Integer arithmetic e Assignment
2 1f n>=0
en i :=n o o (e,€0){v,€1)
ézl . gl]se i = 0-n (&) {n,) () (x:=e,£0) | (v,&1{x—v}) (=)
6 f i=1; o fentoll{vity) (e2,61)U{vaLa) sue Sequential composition
7 while i do (e1—e2,80) I (v1—v2,€2)
8 f 1= fxi; <917§0>U<’01,€1> <92,€1>U<U2,€2>
S o dendo)lHv1,é1) (e2,61)H(va,€2) . o o1305.E00 Vs E2) ()
0 od (e1%e9,E0) (V1 -V2,E2) (Mul) 15€2,50 2,82
e Conditional e Loop
(e1,€0)(v1,€1)  (e2,&1)(v2,&2) N . {e1,80) I (v1,€1)  v1=0 loend
(e1>=e9,£0) | (max(0,v1—vo+1),£2) =) (while e; do ez 0d,£(){(0,£1) (whileend)
o (e1,£0) I {v1,&1)  v1#0  (e2,&1)(v2,€2) " (e1,€0){(v1,€1)  v17#0
(if e; then e; else e3 £i,£0){(v2,£2) (iftrue) N (eg;while e; do ep 0d,&1){}(v2,62)
o <91’€0>‘U<Ul7£1> v1=0 <e3,§1>ll<v2,§2> <While ey do ey Od,£0>ll<’02,£2> (whilerec)

(if e; then ey else e3 £i,£(){(v2,£2) (iffalse)
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@ Program Reduction Example: Factorial

(Num) Lemma f:= 1 Lemma while. . . 0d(5) _
(5,11 4 (—5,{}) um(._) Lemma if...fi  (f:= 1;while. ..od,{n s —5,i > 5}) | (0, {nrs —5,4 5 0,f s 120})
(n:=-5,{}) | (=5,{n— —5}) T (if. . .fi; f:=1; while...od,{n+— —5}) | (0,{n— —5,i+— 0,f — 120}) )
(ni= —5;if. . .od,{}) |} (0,{n+ —5,i+> 0, — 120}) ’
e Lemmaif. . .fi, where{ = {n— —5}
5 (Num) (Var)
Van _— 0.6 10,8 @ V58 o)
(n,&) 4 (—5,§) (0,8 4 (0,¢&) >) (0—n,&) | (5,6{i — 5}) (=)
(n>=0,¢) || (0,8 0=0 (i:=07n,§ I (5,&{i = 5)) (iffalse)

(if n>=0theni:=nelsei:=0—nfi &) | (5,&{i— 5})

e Lemmaf:=1,where{ = {n— —5,i— 5}

(Num)
(=)

(1,6 I (1,¢)
(£:=1,8 | (L,g{f = 1})
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@ Program Reduction Example: Factorial

e Lemmawhile. . . od(5),where{ = {n+> —5,i+— 5, f +— 1}

Lemmai:==1i-1 Lemma while. . . od(4)

(Var)

(1,6) I (5,6 540 (fr=f%i; i:=i—1; whileido . ..od,&) | (0,&{i — 0,f — 120}) (whilerec)
(whileidof:=f*i; i:=1i—1o0d,&) |} (0,&{i — 0,f — 120})
e lemmaf:=f x1i
e lemmai:=1i—1
orme ™ Tarteoo™ (Var) (Num)
9 ) 1, 9 M 1 i i ar um
Eeif L 5.8 (Mul) (1, I (6(2),9) LOLLY g

(::) <i - 17€> lL <5 - 17£>

(f:=£x1,8) | (5,&{f — 5}) (i=i—1,8 | (4,&{i—4})

(=)

e Lemmawhile. . . 0d(0), where{ = {n+ —5,i — 0,f — 120}

- (Var) B
(1,6 4 (0,¢) 0=0

(whileidof:=f*i; i:=1i—10d,¢) | (0,¢)

(whileend)

Lemmaf:=f+i  (i:=1i—1; whileido .. .od,&{f— 5}) | (0,&{i 0,f— 120})

i
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